In this paper we consider simultaneously triangularizable collections of compact operators and show that similarities of any finite subcollection can be made arbitrarily close to commuting normal operators. As a consequence, we obtain a variant of a theorem of G.-C. Rota. Also, we give some sufficient conditions for simultaneous triangularization of collections of compact operators. Finally, several counterexamples are given.
Introduction
A collection S? of bounded linear operators on a Hilbert space %? is said to be simultaneously triangularizable if there is a maximal subspace chain (i.e., a maximal totally ordered set of closed subspaces) whose elements are invariant under every member of f. If %? is finite dimensional, then it is easy to see that this is equivalent to the more familiar concept of triangularizability, that is, the existence of an orthonormal basis with respect to which every element of fê has an upper triangular matrix. The problem of simultaneous triangularizability has been studied by several authors. (See e.g. [2, [5] [6] [7] [8] [9] [10] .)
In this paper we consider simultaneously triangularizable collections of compact operators and show that similarities of any finite subcollection can be made arbitrarily close to commuting normal operators. As a consequence, we obtain an extension of Rota's theorem [ 14] which asserts that the spectral radius of an operator is the infimum of the norms of the operators similar to it. Also, we give some sufficient conditions for simultaneous triangularization of collections of compact operators. Finally, several counterexamples are given.
Results
Throughout, ^ will denote a complex Hilbert space and 3&(ßf) the algebra of all bounded linear operators on %f. For an operator A in âëffi), o (A) and r(A) will denote the spectrum and the spectral radius of A , respectively. For a complete chain JV of subspaces in & and N g JV, let V_ denote the smallest member of JV containing all M g Jf such that M c N. It is obvious that yf is maximal if and only if dim(N/N_) < 1, for all N £ JV . A well-known result of Ringrose [12] (see [3, p. 31] ) asserts that if A g 3 §(ffî) is compact and leaves every member of a maximal chain yf invariant, then the eigenvalues of A are, with the possible exception of 0, its "diagonal coefficients"; i.e., the numbers k^(A), N £ JV, where k^(A) is the scalar operator induced by A on 7V/7V_ for N-^ N. Thus A can be written as D + Q, where D and Q are the "diagonal" and the "strictly upper triangular" parts of A (D is ¿2&n(A)(Pn -Pn-) > where Pn and Pn_ are the orthogonal projections onto N and 7V_ respectively.)
We consider the following two versions of "near commutativity" of a collection ^ of compact operators:
(I) For every Ax, ... , Am £(é?, there exist commuting compact normal operators Bx, ... , Bm such that for every e > 0, there is an invertible operator S for which ||S'~1v4/tS' -Z?fc|| < e, for every k .
(II) For every Ax, ... , Am g fê and every e > 0, there exist commuting compact normal operators Bx, ... , Bm (possibly depending on e) and an invertible operator S satisfying \\S~xAkS -Bk\\ < e , for every k .
We show that a triangularizable collection of compact operators satisfies condition (I) and hence also (II). We also prove a partial converse, showing that condition (I) implies simultaneous triangularizability and that the formally weaker condition (II) implies simultaneous triangularizability under additional conditions. Theorem 1. Suppose that W is a collection of simultaneously triangularizable compact operators on %f. Then for every Ax, ... , Am in %?, there exist commuting compact normal operators Dx, ... , Dm such that for every e > 0 there is an invertible operator S for which (1) \\S-lAiS-Di\\ <e, l<i<m.
Proof. Since Ax, ... , Am are simultaneously triangularizable operators, the above-described result of Ringrose provides a maximal subspace chain yV of common invariant subspaces with respect to which A¡ = Dt+Q¡, for I < i < m , where the Z),'s are diagonal (and hence normal), the Q,'s are strictly upper triangular, and D¡ commutes with Dj for all I < i, j < m. Because Ax, ... , Am are compact, so are the Z),'s and hence the g,'s. Since each Q, is quasinilpotent, the repeated application of a result of Ringrose ([11] , [3, p. 32]) yields, for every e > 0, a finite sequence of projections Pq = 0 < Px < ■ ■ ■ < Pn = I in JV such that for every I < i < m and 1 < k < n :
Now let S = Y,k=x ^(Pk -Z'jt-i), where 0 < n < 1 is a constant to be specified. The operator S commutes with D¡ for every i, and S~xAiS -A = S-X(A¡ -Di)S = S~xQiS.
For an operator T whose matrix with respect to yV is block upper triangular, let r(fc) denote the kth superdiagonal of T ; i.e. the operator obtained from T by replacing all block entries of T, except those which are located on the (r, r + k) positions, by zero. In other words let As an application of Theorem 1 we get the following extension of Rota's theorem in the case of compact operators [14] We now prove that condition (II) with an additional boundedness condition implies simultaneous triangularizability. We note that commuting "approximants" are not assumed to be normal. Theorem 2. Suppose that £f is a collection of compact operators with the property that for all Ax, ... , Am £ W there exists a K > 0 such that for every e > 0 there exist commuting compact operators Dx, ... , Dm with \\Dk\\ < K and an invertible S such that \\S-xAkS-Dk\\<e, for every k. Then W is simultaneously triangularizable. Proof. In view of [5] , to show that W is simultaneously triangularizable it suffices to show that, in the algebra sé generated by W, every commutator is quasinilpotent. Given P, Q g sé , there are noncommutative polynomials p, q in m variables and Ax, ... , Am £ W such that P = p(Ax, ... , Am) and Q = q(Ax, ... , Am). It thus suffices to show that In the statements of the equivalence results above, restricting the "nearly commuting" operators to a finite number is essential if the underlying space is infinite dimensional. Even if the collection ^ is assumed bounded this restriction is necessary. (See counterexample 4.) However, in finite dimensions, the following result holds and its proof is similar to the argument given after (2) in the proof of Theorem 1. Proposition 1. In a finite-dimensional Hilbert space, a bounded collection {Aa} of operators is simultaneously triangularizable if and only if there exists a commuting set {Da} of normal operators such that to every e > 0 there corresponds an invertible operator S with ||S_1^aS -Da\\ < e, for every a.
The next result will be used to get a version of Theorem 3, using the weaker condition (II), for finite-dimensional spaces. Proposition 2. Let dimXf < oo, {Dn} be a sequence of normal operators, and {S"} a sequence of invertible operators such that lim \\S-xASn-Dn\\ = 0, n-»oo for some operator A. Then {A} is bounded. Proof. Suppose the contrary. Then, with no loss of generality, we may assume that \\Dn\\ > n and (1) US-US«-Z)"|| <i.
Let cn = || AII ■ Equation (1) But it is well known that on finite-dimensional spaces the spectral radius is continuous and, hence, uniformly continuous on bounded sets of operators. This is in contradiction to (2) and (3). Thus {A} must be bounded. □ This result together with Theorem 2 gives the following .
Corollary 2. Let W be a collection of operators on a finite-dimensional Hilbert space. Then fê is simultaneously triangularizable if and only if for every Ax, ... , Am £%? and every e > 0 there exist commuting normal operators Dx, ... , Dm and an invertible operator S such that \\S~lA¡S -D¡\\ < e, l<i<m.
For the next corollary, which extends part of a result of [13] , we need the following. Recall that an operator A on %? is called unicellular if its lattice of invariant subspaces is totally ordered. For an operator A on M?, its lattice of invariant subspaces is denoted by Lat A . For if it could be simultaneous, the norms of similarities of A + B, which is the unilateral backward shift, would be made arbitrarily small as well, which is impossible because r(A + B) = 1. D Is Proposition 2 true in infinite-dimensional spaces if A is compact? As we will see below, the answer is no. Next, we give an example to show that, unlike Theorem 3, Corollary 2 is false if approximants are not assumed normal. This also shows that the boundedness condition of Theorem 2 cannot be removed even in finite-dimensional spaces. 
